We report the results of a parameter study of the feathering stability in the galactic spiral arms. A two-dimensional razor-thin magnetized self-gravitating gas disk with an imposed two-armed stellar spiral structure is considered. Using the formulation developed previously by Lee and Shu, a linear stability analysis of the spiral shock is performed in a localized Cartesian geometry. Results of the parameter study of the base state with a spiral shock are also presented. The single-mode feathering instability that leads to growing perturbations may explain the feathering phenomenon found in nearby spiral galaxies. The self-gravity of the gas, characterized by its average surface density, is an important parameter which 1) shifts the spiral shock further downstream; 2) increases the growth rate and decreases the characteristic spacing of the feathering structure due to the instability. On the other hand, while the magnetic field suppresses the velocity fluctuation associated with the feathers, it does not strongly affect their growth rate. Using a set of typical parameters of the grand-design spiral galaxy M51 at 2 kpc from the center, the spacing of the feathers with the maximum growth rate is found to be 530 pc, which agrees with the previous observational studies.
INTRODUCTION
Feathers are commonly found as dust extinction feature in the nearby spiral galaxies (e.g., Lynds 1970; La Vigne et al. 2006) . They jut out almost perpendicularly from the major spiral arms to the interarm region. The feathers also differ from the stellar "spurs" in galaxies (Elmegreen 1980) because they are traceable only in the regions with less active star formation (e.g., not obscured by giant H II regions), and become undetectable farther away from the spiral arm (La Vigne et al. 2006) . Optical images of M 51 (e.g., Scoville et al. 2001) showed the feathering phenomenon is more distinguishable in the inner region of the galaxy than the outer part where starforming regions are prominent (see, Figure 1 (a)).
The archival study by La Vigne et al. (2006) identified a few characteristics of the feathers, namely, their spacing is larger at the larger radius with lower molecular gas surface density; and they are commonly associated with dense molecular gas inferred from CO observations (see also, Corder et al. 2008 ). This suggests the important role of gravitational instability and is consistent with the suggestion that the feather may share the same origin as stellar spurs (Elmegreen 1980 ). Yet, little is known about whether the feathers are regular and periodic in nature nor if there is any relation between the feathers and the star formation along the spiral arm. Young star complexes are found embedded in the dark dust filaments in the spiral arms (Elmegreen et al. 2014) , which supports the relation between feathers and the formation of molecular clouds and stars in the early stage.
Theoretical studies of spiral arm substructure have been primarily based on the shearing instability, which is due to both the background shear of the galactic wklee@asiaa.sinica.edu.tw differential rotation and the shear due to the stellar spiral gravitational potential. The gas shock resulted in the latter case provides a post-shock shear in a reverse sense compared to the galactic shear. Kim & Ostriker (2002) performed two-dimensional shearing-box magneto-hydrodynamic (MHD) simulations and found a good agreement between their streamlines and the calculation of a modified shearing analysis with magnetic field based on Balbus (1988) . The gas response to the spiral structure in the two-dimensional purely-hydrodynamic simulations of the whole galactic disk is unstable to the shearing instability if the spiral forcing is too strong (Wada & Koda 2004; Shetty & Ostriker 2006; or if the gas is too cold (Dobbs & Bonnell 2006) . Shetty & Ostriker (2006) found the gas response remains stable in the presence of a magnetic field, but another MHD instability arises when the gas self-gravity is important. As the interstellar medium (ISM) in the galactic scale is magnetized, the self-gravitating MHD instability found in numerical simulations may correspond to the feathering phenomenon in real galaxies.
With this line of thought, Lee & Shu (2012, hereafter Paper I) formulated the formation of substructure of the galactic spiral arms by considering an intrinsic instability in the spiral shock, and provided a connection between this feathering instability and self-gravitating magnetized ISM in the galactic scale. The spiral shock occurs when the gas is passing through the stellar spiral potential (Roberts 1969) , where the spiral structure itself is induced by the spiral density wave (Lin & Shu 1964) . The spiral forcing is not necessarily very strong compared centripetal force, which was estimated to be F = 5% for the Milky Way (Yuan 1969) , where F is the ratio between spiral and centripetal accelerations. The gas response to the underlying two-armed spiral structure (TASS) is non-linear and has been studied numerically (e.g., Roberts 1969; Shu et al. 1973, hereafter SMR) . This time-steady, quasi-one-dimensional TASS state with a spiral shock is the base state of the instability in our study.
Regarding the origin or longevity of the spiral density waves, there are two competing views proposed. The first is the hypothesis of quasi-steady spiral structure (QSSS) (Lin & Shu 1964; Bertin & Lin 1996) , in which the spiral pattern is long lived and is a normal mode of the thin stellar disk. The second is the superposition and nonlinear saturation of the growing modes (Sellwood 2012; Sellwood & Carlberg 2014) that give rise to the transient but recurrent spiral patterns. The latter scenario is based on N-body simulations of a cold, unbarred, collision-less stellar disk. Similar study by D' Onghia et al. (2013) showed that the spiral patterns are not material entities but statistically long-lived density waves induced by local density perturbations (c.f., Julian & Toomre 1966) . In particular, it is very difficult to produce persistent granddesign two-arm spiral structure in these simulations of an isolated stellar disk (Sellwood 2011 ). An early review by Lin & Bertin (1995) remains relevant in explaining the importance among different approaches. As in Paper I, we do not address different generation mechanisms of the base state of spiral structure, but focus on the formation of spiral substructure as a response to the steady forcing associated with the classic QSSS picture. Therefore, our findings of the instability in the self-gravitating, magnetized ISM should not change significantly if the stellar spiral pattern is only statistically persistent.
We demonstrated in Paper I the existence of the unstable mode of instability that results in the feather-like density structure in the post-shock region. Such feathering instability is driven by the gas self-gravity in the spiral shock and complemented by the expanding set of magnetic fields in the interarm region. Very recently, performed a stability analysis for the purely-hydrodynamic case without magnetic field and self-gravity, and reported that the wiggle instability (c.f., Wada & Koda 2004 ) is unlikely to produce feathers that are a few hundreds pc apart as observed. In any case, normal-mode analysis such as Paper I and explored different physical regimes in the system and provided the length scale of the corresponding instabilities. Therefore, this parameter study is crucial for understanding the feathering instability and to provide better diagnostics of future numerical simulations and observations. The paper is organized as follows. In Section 2, we review the basic equations. Our set-up is essentially the same as Paper I. In Section 3, we discuss the free parameters and summarize their meaning in Table 1 . As the TASS base state and the feathering perturbation are coupled, we first study the parameter dependence of the TASS base state in Section 4. In Section 5, we give the results for the feathering instability. We summarize and discuss our findings in Section 6. Lastly, we have the conclusion in Section 7.
BASIC EQUATIONS
The MHD response of a self-gravitating razor-thin gas disk under the influence of a stellar two-arm spiral pattern is studied. We start from the ideal MHD equations in a rotating frame of reference. This frame rotates at the pattern speed of the stellar spiral structure, such that its gravitational forcing is static. We transform the system from the usual cylindrical coordinates (̟, ϕ, z) to local Cartesian coordinates (η, ξ, z). Such coordinate transformation was introduced by Roberts (1969) for his calculation concerning the quasi-one-dimensional spiral shock problem along the perpendicular direction of the spiral arm (i.e., the TASS state). The framework was extended to study magnetic field (Roberts & Yuan 1970) , two-phase ISM (Shu et al. 1972) , spiral forcing and ultra-harmonic resonances (SMR), gas self-gravity (Lubow et al. 1986, hereafter LCB) , and more recently to estimate the corotation radius (Gittins & Clarke 2004) . In Paper I, we included both gas self-gravity and magnetic field in the calculation which were not considered simultaneously in previous analytical treatments.
The local quasi-one-dimensional TASS calculation is naturally extended into two-dimensions by considering the direction parallel to the stellar spiral arm as well. We adopt the tight-winding approximation of the spiral structure (or equivalently a WKB approximation) which allows a simple linear form of the gravitational potential and forcing of the stellar density wave (Lin & Shu 1964) . Under this asymptotic approximation (i.e., sin i is small, where i is the pitch angle of the spiral arm), the calculation domain is simplified into a local rectangular box with the one side aligned parallel with the spiral arm and periodic in both parallel and perpendicular directions (see Figure 1(b) ). We also ignore the galactic shear within the box (unlike other local analysis using shearing coordinates, e.g., Balbus (1988) ; Kim & Ostriker (2002) ), but retain the Coriolis terms. This simplification is necessary in order to remove the explicit time dependence of the quasi-radial boundaries and provide the periodic boundary conditions suitable for the normal-mode analysis. While non-self-gravitating and purely-hydrodynamic instability reported in some simulations may be relevant in certain situation and contribute to interstellar turbulence, we focus on the formation of spiral arm substructure through an asymptotic treatment to study the instability induced by self-gravity and modified by interstellar magnetic fields. Therefore, the comparison between the feathering instability and other shearing instability will be left for future investigation.
For completeness, we briefly review the basic equations that were previously derived in Paper I. Interested readers should consult Paper I for the details of the following: 1) non-dimensionalization of the basic ideal MHD equations; 2) the expression of Lorentz force in the TASS state calculation; 3) the boundary conditions or equivalent shock-jump conditions; and 4) linearization of equations for stability analysis. Readers who are only concerned with the results of this parameter study may skip ahead to the next section.
Dimensional Equations in Local Coordinates
A local, doubly-periodic rectangular box is constructed to align with the spiral arm. The axes are defined by the local Cartesian coordinates (η, ξ) used by SMR, which is basically rotationally-transformed from the usual cylindrical coordinate system (̟, ϕ). To be clear, ̟ and ϕ are the radial and azimuthal coordinates in a rotating frame centered at the galaxy center, respectively. The η-coordinate goes from 0 to 2π, which corresponds to the perpendicular displacement from one spiral arm to the next. The ξ-coordinate has the same scale as η but runs in the parallel direction to the spiral arm. Since the arm-to-arm distance is L arm = 2π̟ sin i/m, where m is the number of spiral arms, the physical length scale of η-and ξ-coordinates is
Therefore, the two coordinate systems are related by the following metric:
such that the unit vectors are related bŷ
whereê is the unit vector pointing to each axis. Since η and ξ are Cartesian coordinates, the partial derivatives are simply their dimensional counterpart with a simple scaling. For example, the two-dimensional divergence of the velocity u is written as
where the curvature terms are dropped, and u η and u ξ are the η-and ξ-components of u, respectively. On the other hand, the aspect ratio of the box is given bỹ L = cot i such that the periodicity of ξ is 2πL. The (η, ξ) coordinate system is shown in Figure 1 (b), where we ignore the curvature. In a rotating frame with angular frequency, Ω p , the dimensional equations of continuity and conservation of momentum for ideal MHD read (c.f., in Paper I)
where Σ is the gas surface density; u 1 = (u η1 , u ξ1 ) is the non-circular component of the velocity; Ω and κ are the frequency for the circular rotation and the epicyclic motion, respectively; Π is the vertically-integrated gas pressure; and f = (f η , f ξ ) is the Lorentz force per unit mass. The total velocity in the pattern frame is given by
where u 0 = ̟(Ω(̟)−Ω p )ê ϕ is the circular velocity. The circular velocity u 0 (̟) is the solution to the axisymmetric state, which is in the hydrostatic equilibrium in the radial direction. Therefore, the right-hand-side of the momentum equations only contains the non-axisymmetric contribution. In particular, the total effective gravitational potential can be written as
where contributions from axisymmetric potential V 0 (i.e., due to bulge and dark halo, etc) and centrifugal force are cancelled out in Equations (7) and (8). The remaining non-axisymmetric gravitational potential U in the usual cylindrical coordinates is given by
where V spiral is the potential of the stellar spiral structure, V gas is the self-gravity potential of the gas. The self-gravity of the gas is governed by the Poisson equation in a thin-disk geometry, which is given by
where G is the gravitational constant and δ is a DiracDelta function. Note that z-coordinate is generally suppressed except it is required for the Poisson equation for a thin-disk. The Lorentz force per unit mass in the ideal MHD limit at the mid-plane (z = 0) is given by
where B is the magnetic field and z 0 is the scale-height of the gas disk. The time evolution of the magnetic field is governed by the induction equation for the ideal MHD. In practice, for the perturbational magnetic field B 1 , we solve the z-component of the magnetic vector potential A z = A z (η, ξ) in lieu of the two-dimensional magnetic field (c.f., Appendix B of Paper I), where B 1 = ∇ × (A zêz ). To close the problem, we adopt a logatroptic equation of state (EOS) (Lizano & Shu 1989) for the turbulent gas, such that Π turb = Σ 0 v 2 t0 ln(Σ/Σ 0 ), where v t0 is the mean velocity dispersion and Σ 0 is the average gas surface density, to mimic the lower velocity dispersion for denser ISM (e.g., Piontek & Ostriker 2005) .
The non-axisymmetric contributions in the momentum equations from the turbulent pressure and magnetic field are obtained by applying the tight-winding approximation. Consistent with this approximation where the radial wavenumber is large compared to its azimuthal counterpart, the radial variation of axisymmetric state such as Ω(̟) and κ(̟) is ignored in the dynamical equations in local (η, ξ) coordinates (i.e., constant Ω(̟) across the domain). Paper I provides a great detail of the treatment and we shall not repeat the formulation here.
Non-dimensionalization
To proceed, we introduce several normalization scales, which we use for the dimensionless parameters. We follow the formulation in Roberts (1969) and SMR to introduce two velocity scales U and V for the normalization. We define
Thus, the normalization factors for the velocity in η-and ξ-directions are given by
Since the η-component of the background circular velocity is
, which is the ratio of the frequency of Doppler-shifted circular flow to that of the epicyclic oscillations. The surface density is simply normalized by the mean surface density Σ 0 .
We transform the η-and ξ-momentum equations into dimensionless ones by dividing them by 2U V L 0 and √ 2U V V L 0 , respectively. Consistent with the above normalization, the dimensionless time variable is defined by dτ = κdt. In addition, the self-gravity potential of the gas can be rewritten as V gas = 2πGΣ 0 L 0 φ, where φ is the dimensionless counterpart of V gas . For the gravitational force due to the stellar spiral, its dimensionless counterpart is
where f is the spiral forcing parameter defined in Section 3 and we adopt a simple sinusoidal form for the linear stellar spiral density wave where the minimum of gravitational potential is located at η = 0.
2.3. Summary of Basic Equations In summary, Equations (6) through (13) along with an induction equation for ideal MHD govern the gas response to an imposed stellar spiral structure. The axisymmetric equilibrium state is the radial hydrostatic equilibrium, in which the centripetal acceleration ̟Ω 2 is balanced by the radial gravity due to axisymmetric contribution of the gravitational potential V 0 (̟) and pressure gradient due to turbulent and magnetized gas. Therefore, adaptation of a particular rotation curve of the galaxy (i.e., ̟Ω(̟)) automatically assumes such equilibrium for the purely circular flow. For the timesteady, quasi-one-dimensional calculation of the nonlinear TASS state, the time and ξ-derivatives are dropped. This reduces to the same set of governing equations of nonlinear TASS state studied in SMR except for the different expressions of the effective sound speed and force terms for magnetic field and gas self-gravity. As the spiral structure is non-axisymmetric, this will induce the variation of radial velocity (and hence the η component) and lead to a spiral shock. We shall discuss the dimensionless parameters in the next section and continue the discussion of the feathering instability in Section 5. There are 7 dimensionless parameters in the local analysis, namely: the background gas velocity perpendicular to the arm, ν; the strength of stellar spiral potential, f ; the strength of self-gravity of the gas, α; the square of turbulent speed of the gas, x t0 ; the square of Alfvén's speed, x A0 ; the ratio of the rotational and epicyclic frequency, Ω/κ; and the tangent of pitch angle of the spiral arm, tan i. To investigate the effects of each parameter effectively, the parameters are separated into 3 groups according to their roles: Group I is a set of dimensionless parameters that determines the TASS profile; Group II is the set of dimensionless parameters that sets the problem of the feathering perturbation, in addition to a given set of Group I parameters; Group III is a set of dimensional scales that sets the physical scales and units. Thus, the dimensional parameters are defined separately such that the dimensionless calculations can be scaled to match different physical conditions. We adopt the same notation of variables as Paper I. Same as previous studies, we are primarily concerned with the region inside the corotation radius such that there is a stronger spiral shock (SMR), where Ω > Ω p and ν < 0.
The conversion formulas between some physical variables and the aforementioned dimensionless parameters are presented below. In particular, the perpendicular distance between spiral arms, L arm and the pattern speed, Ω p are used to obtain the dimensional scales of length and time, respectively. Except for the background magnetic field, B ϕ0 (which also depends on the half-height of gas disk, z 0 ), most of the variables can be scaled with a physical unit accordingly using L arm and Ω p .
GROUP I The dimensionless parameters in Group I specify the TASS state. They are defined by the following:
where v t0 and v A0 are the dimensional turbulent speed of the gas and the Alfvén's speed, respectively, and √ 2U V = ̟κ sin i/m is the normalization factor for velocities in the perpendicular direction to the spiral arm, and F is the ratio between the stellar spiral forcing and centripetal force (c.f., Equation 8 of Paper I). We set the value f large enough such that a spiral shock exists (c.f., SMR).
GROUP II The dimensionless parameters in Group II are tan i and Ω/κ. In general, these two parameters are not completely arbitrary in a sense that we usually have good measurements of the pitch angle of a spiral arm and the rotation curve.
GROUP III AND OTHER DIMENSIONAL VARIABLES
The parameters in this group are physical length and time scales. The perpendicular separation between spiral arms, L arm , the pattern speed, Ω p and the half-height of the gas disk, z 0 are used. Equivalently, other dimensional parameters can be specified, such as galacto-centric radius ̟, and rotational frequency Ω(̟) (or, κ(̟)) for the purpose of dimensional conversion. Thus, the dimensional scales of the gas surface density and magnetic field are also set. From Equation (19), the mean gas surface density can be written as Σ 0 = αΣ A , where
is a scale of gas surface density set by the galactic parameters. In general, Σ A is large compared to the realistic gas surface density. Using the typical numbers for the inner part (̟ = 2 kpc) of M 51, we have Σ A = 460 M ⊙ pc −2 . Thus, we expect the value of α is in the order of 0.1. For the background (circular) magnetic field, we have
where z 0 is the scale-height of the gas disk. Using the numbers for M 51, we have
where we take z 0 = 200 pc. For comparison to previous numerical simulations, such as Kim & Ostriker (2002 , we provide the conversion formulae for the Toomre's parameter Q 0 and plasma beta β 0 :
where we denote a
, as the average square value of effective sound speed.
TASS STATE
The TASS state of the problem consists of a large scale spiral shock which has been investigated extensively in the literature. The solution depends on the five galactic background parameters (Group I). In this section, we investigate the dependence of the basic state on these parameters and present some observational applications. We first focus on the effects of gas self-gravity and magnetic field. Next, we show how the streaming motions and the time delay of star formation can tell us about the basic state of the problem. In the following discussion, except for the comparison to the self-gravitating solution in LCB, a reference model for M 51 is adopted with the rotation curve in Sofue et al. (1999) and the pattern speed Ω p ≃ 40 km s −1 kpc −1 from Zimmer et al. (2004) . The parameters and properties of the reference model are listed in Table 2 . 
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0.02 4.1. Self-gravity of the Gas The gas dynamics is greatly affected by the self-gravity when the gas surface density Σ 0 is high. Theoretically, in order to obtain a self-consistent solution to the gas response calculation together with the Poisson equation for gas self-gravity, an iteration technique is required (Paper I). The presence of the shock and the sonic point in a steady-state calculation suggests that any spectral method requires some special care, which otherwise would not handle the shock jump and sonic point correctly. On the other hand, because of the long-range nature of gravity, the gravitation potential at each location depends on the gas density at all locations (which suggests the use of Fourier transformation). Therefore, to successfully obtain a steady-state solution, we start from the non-self-gravitating case and gradually increase α to integrate a new solution after we obtained the gravitational force from the previous solution. Convergence of the solution can be obtained until the value of α reaches some maximum value. We suspect the absence of timesteady solution for large α is related to the chaos through overlapping of the resonances similar to what was found in SMR for strong spiral forcing (c.f., Chakrabarti et al. 2003; Shu et al. 2004) .
The high density of gas can also give back-reaction to the stellar spiral density wave. Theoretically, both stars and gas should be treated equally in solving the Poisson equation (e.g., Vandervoort 1971 , which leads to nonlinear stellar density wave). Using linear WKB theory of the stellar waves (Lin et al. 1969 ; LCB), one can simplify the relation between stars and gas. By neglecting the back-reaction to the stars we can set the strength of the stellar spiral forcing (f ) and the self-gravity of the gas (α) independently (LCB). In the following, the TASS profile is calculated using the galactic parameters in the solar neighborhood, and is compared to the model C in LCB, where the gas surface density is 10% of the stellar surface density at the spiral arm. Normalized TASS profiles with the presence of gas self-gravity (α = 0.13, dashed line) and the case without (α = 0, solid line). The mean surface density is Σ 0 so that the area under each curve is 1. The horizontal axis is the displacement from the minimum location of the stellar spiral potential.
The same set of galactic parameters of model C in LCB is used with the exception of the parameters x t0 , x A0 , and α. Because of the adoption of logatropic EOS, the turbulent gas pressure in the compression region is lower than the corresponding thermal pressure using the typical value of 8 to 10 km s −1 of turbulent (or thermal sound) speed. This leads to higher compression at the shock in our calculation (4 to 5 times compared to the 2 to 3 times of the mean surface density in their paper). The maximum converged values of α in our calculations are lower than the corresponding α = 0.26 in their paper (based on the 10% gas-star mass ratio in the spiral arm). Note that the limit on α also depends on the strength of stellar spiral potential f , in which a stronger stellar spiral potential can support a larger amount of gas for steady-state solution. Qualitatively, we find that the increase in α leads to a spiral shock at a further downstream location, but does not always increase the peak amount of relative compression (Σ peak /Σ 0 ) in the spiral arm. In particular, Σ peak /Σ 0 decreases in the self-gravitating case when the gas is weakly magnetized (e.g., β 0 = 20 in Figure 2 ). This agrees with the non-magnetic calculations in LCB that show a decrease of relative peak compression for increasing α. However, in terms of dimensional unit (M ⊙ pc −2 ), the peak surface density is generally increasing with α. On the other hand, viscosity and back-reaction on the stellar spiral potential by the gas have been shown to smoothen the shock and lead to weaker compression.
Magnetic Field
The magnetic fields in the TASS state are assumed to be parallel to the streamlines due to a steady-state solution of the induction equation (Roberts & Yuan 1970) in the ideal MHD regime, where B ∝ Σu. This is a good representation of the regular magnetic field in the large scale (Fletcher et al. 2011) , which are found to be aligned with the spiral arms. In this configuration, the magnetic field provides extra pressure against the spiral shock compression in the η-direction. Under the tightwinding assumption of the spiral arms, the magnetic tension which is proportional to sin i is ignored here, and hence the streamlines are closed (c.f., Equation (52) of Paper I) in the local model. In general, the magnetic field help broaden the gaseous spiral arm and lower the shock strength in the TASS state. In the following subsections, we continue with the parameters for a simple model of M 51 introduced in Section 3.
Figures 3, 4, and 5 show the effects of the parameters x A0 (magnetic) and α (self-gravity) on the normalized peak surface density of the gas, the width of the spiral arm, and the shock location of the TASS states, respectively. We overlay them with the white contours showing the strength of average magnetic field B ϕ0 , which is proportional to (αx A0 ) 1/2 in Equation (23). The blank region on the top-left corner has no steady-state solution for the combination of the parameters. Kim & Ostriker (2002) reported that the spiral shock in their simulations is oscillating about the stellar spiral potential in this high gas density regime. The color gradient of each figure is used to show which parameter is more important in determining the quantity of the color bar.
In addition, the upper boundary of the color region is interpreted as the line of maximum allowed values of α along the Alfvén's speed parameter x A0 . Such sub-linear behavior of the upper limit α max suggests that the local gravitational instability in the spiral arm prohibits the existence of steady spiral shock with strong self-gravity. In other words, the magnetic field has a stabilizing effect against the self-gravity by providing extra pressure. In general, the relative gas density of the shock is more sensitive to the amount of magnetic pressure than selfgravity.
As x A0 is lowered, the normalized peak surface density increases (Figure 3 ) and the shock gets narrower ( Figure  4 ). There is a lower limit of x A0 for steady-state solution. This is partly because of our "soft" equation of state cannot provide enough pressure at high density in the non-magnetic case. The purpose of logatropic EOS is to mimic the observed velocity dispersion that is lower at high gas density, and provide an uniform effective sound speed over a range of density with the consideration of magnetic field (Paper I). On the other hand, if an isothermal EOS is used, steady-state solutions exist without magnetic field as in previous studies. We define the gaseous arm width using the perpendicular distance between the locations of the shock and the sonic point, which reads
where η mp and η sh are the η-coordinate of the magnetosonic point and the shock, respectively. In Figure 4 , the magnetic field strength correlates well with the width of the gaseous spiral arm near the upper boundary (i.e., B ∝ W in this regime). The shock location η sh L 0 (Figure 5 ) has a stronger dependence on α than x A0 , in which higher value of α trends to shift the shock downstream.
Note that the actual location of the spiral shock relative to the stellar spiral arm depends on other parameters as well (e.g., ν). Such shifting due to gas selfgravity suggests that the prediction from purely hydrodynamic calculation (Gittins & Clarke 2004 ) may systematically overestimate the corotation radius (or underestimate Ω p ). The bottom-left part of the parameter space is the most relevant when we adopt the realistic values of the magnetic field (∼10 µG) and gas surface density (∼50 M ⊙ pc −2 ). In this particular model with a sharp spiral shock, the width of the gaseous spiral arm is 10% or less of L arm = 2.25 kpc. Using (x A0 , α) = (0.02, 0.10) as reference parameters, the shock profiles with variation in α and x A0 are shown in Figure 6 and 7, respectively. These two cases represent the solutions along a vertical line and a horizontal line on the x A0 -α space. In Figure 6 , the area under each curve is proportional to the total gas mass between the spiral arms, and thus it is proportional to α. As we indicated previously, the shock location is shifted downstream with stronger selfgravity. Similarly, Figure 7 shows that the stronger magnetic field leads to a weaker, wider, and more upstream spiral shock.
Streaming Motion
The streaming motion is characterized by the noncircular motion of the gas due to the gravitational forcing of the spiral arm. In particular, the post-shock gas velocity indicates how strong the spiral shock and the corresponding shear near the spiral arm. The magnitude of such streaming velocity can be defined as the difference between the fluid velocity of the TASS state and the background circular velocity: where u 0 = ̟(Ω − Ω p )ê ϕ is the circular velocity in the pattern frame; u η1 and u ξ1 are the nonlinear perturbation due to spiral potential in the η-and ξ-directions, respectively. We show the profiles of u s for the dimensionless strength of spiral forcing f between 0.2 and 0.5 (F = 8 − 20%) in Figure 8 . The narrow, sharp peaks correspond to the spiral shock (discontinuity in u η1 ) in this particular model with low effective sound speed (x t0 = 0.022 and x A0 = 0.02). Except in the region near the shock, the magnitude of the streaming velocity varies gradually before or after the gas passing through the spiral shock. The magnitude of the streaming velocity scales roughly with f . As the streaming velocity can be obtained from observations (e.g., Aalto et al. 1999; Shetty et al. 2007; Meidt et al. 2013 ), this provides an independent estimate of the spiral forcing which can be used to compare with the arm-interarm contrast due to the spiral structure from the stellar mass map data (Elmegreen et al. 2011) . For example, the model with f = 0.2 gives a typical streaming velocity of 50 km s −1 .
-1000 -500 0 500 1000 Displacement 4.4. Arm-Crossing Time In the quasi-static spiral structure (QSSS) picture, a newly-formed star drifts from its formation side in the shock because of velocity difference between the gas flow and the spiral density wave (Roberts 1969) . Such displacement between the young stars (traced by H-α emission) and gas (e.g., HI or H 2 ) is often referred as "geometrical" offset (Patrikeev et al. 2006; Tamburro et al. 2008; Egusa et al. 2009; Foyle et al. 2011; Louie et al. 2013) , because of the assumption that the gas flow is almost circular (i.e., ∆φ ∝ ∆t). However, such assumption may underestimate of the age of young stars t SF or overestimate Ω p (Martínez-García et al. 2009 ) by ignoring the non-circular motion. The estimated migration time for a cloud or star to move from the shock to its current position depends sensitively on the strength of the spiral shock. Moreover, the age of the young star may be underestimated in the circular model by a factor of 4. The calculation of the migration time can be estimated using the velocity of the TASS flow.
The physical time-scale for migration from one spiral arm to the next arm is set by the total arm-crossing time t cross = 2π/m(Ω − Ω p ), which is the same as in the absence of a spiral perturbation. It is a constant among different parameters because the reciprocal of the dimensionless η-velocity 1/u η ∝ Σ/Σ 0 is a periodic function due to the closure of streamlines. Therefore, the spiral perturbation of the TASS state does not change the total arm-crossing time. By using the TASS state solution, the time for a cloud to move from the spiral shock to a location η is given by
where η sh is shock location. The integral can be further evaluated using the TASS state solution, which gives (η − η sh ) + [v(η) −v(η sh )], wherev = u ξ1 / √ 2U V is the ξ-component of velocity due to the spiral perturbation. The integrand of Equation (29) implies that the stronger the shock, the longer the time for the fluid to reach the interarm region. On the other hand, the supermagnetosonic flow in the pre-shock region will compensate the time spent getting out the spiral arm, and keep the total time constant.
In Figure 9 , we show the fractional arm-crossing time t(η)/t cross for a cloud moving from the shock to the interarm region using the aforementioned reference model. For the reference model (Table 2) , the post-shock flow is very slow (u η 10 km s −1 ) in the spiral arm with a strong shock. In particular, it takes about half of the crossing time to travel only 10% of the arm-to-arm distance (vertical dashed line). The time due to the circular flow is shown as the gray diagonal across the figure. On the top horizontal axis, the angular offset ∆φ, which is the amount of rotation (w.r.t. the galactic center) needed for matching the two patterns, is shown. The presence of a spiral shock reduces the flow speed and increases the time for displacement near the shock by a factor of 3-4. In other words, for a fixed value of star-formation time t SF , the amount of displacement of a cloud is smaller with a spiral shock and this would lead to smaller offset. Therefore, while the offsets of different tracers can be directly measured across the spiral arm, the flow time between two positions depends on the actual model adopted (e.g., circular motions, or spiral shock scenario).
In summary, the expected offsets among the location of minimum spiral potential η min , the location of spiral shock η sh , and the location of young stars η SF are reduced by two effects: 1) the gas self-gravity makes the spiral shock more downstream and closer to η min ; 2) the streaming motion reduces the perpendicular distance traveled by the young stars. As a result, the detailed modeling presented here may be useful to interpret the small offsets found in observation (e.g., Patrikeev et al. 2006; Louie et al. 2013 ).
Summary of Parameter Study of TASS states
We briefly summarized this section into the following points: 1) The self-gravity pushes the spiral shock downstream and enhances the (absolute) peak gas surface density. 2) The magnetic field decreases the strength of the spiral shock significantly by providing extra pressure. 3) The streaming motion can be used to characterize the strength of the spiral structure. 4) The streaming motion extends the duration of the gas flowing through the spiral arm significantly.
FEATHERING INSTABILITY
We perform the stability analysis of the feathering perturbation on top of a TASS state. A parameter study is presented with the focus on the effects of the gas selfgravity and magnetic field. The method of solution is previously presented in Paper I. Here we only briefly describe the theoretical procedures. Readers who are more interested in the results may skip to Section 5.2.
In the linear analysis, we study the perturbation for a single (positive) ξ-wavenumber l, such that it varies as exp i(ωτ − lξ/L), where ω is the complex frequency and L = cot i. A set of linear ordinary differential equations (ODEs) can be obtained. Each solution has four complex Fourier components, each being a function of η:σ l (η), u l (η),ṽ l (η), andÃ l (η), whereσ l ,ũ l , andṽ l have their usual meanings andÃ l is the z-component of the perturbational magnetic vector potential. We denote the quasione-dimensional TASS state and perturbational variables with hat and tilde, respectively. Such complex treatment allows each component to have a different phase difference (in ξ) with respect to each other.
Assuming the system is periodic along the spiral arm (ξ-direction), the spacing of feathers (i.e., separation between peaks of density enhancement) resulted from a perturbation with a single wavenumber l is given by
where l/L is the effective wavenumber. Note that the wavenumber l takes on an integer value, and asymptotically equals to the number of feathers to be found on a spiral arm from 0 to 180 degrees for a two-arm spiral structure (i.e., 360/m degrees for m-arm spirals). We define ω T ≡ ω−(l/L)v T to be the dimensionless Dopplershifted frequency in the moving frame of the TASS flow along the spiral arm (c.f., Section 4 of Paper I). In practice, we takev T = −ν/ tan i = u ξ0 / √ 2U V as we previously assumed for the TASS flow. Thus, ω T is an unknown complex eigenvalue to be determined by solving the ordinary differential equations (ODEs) and imposing the perturbational shock jump conditions as boundary conditions. We adopt the same reference model presented in the last section, which is based on the galactic parameters of the inner part of M 51 (i.e., ̟ = 2 kpc). The parameters of both turbulent gas and Alfvén's speed are relatively small (i.e., 0.02). The self-gravity parameter is set to α = 0.1 (i.e., Σ 0 = 46 M ⊙ pc −2 ).
General Properties
The solution of the feathering perturbations is computed by using a Fortran solver for boundary value problems (BVP SOLVER) described in Shampine et al. (2006) and Boisvert et al. (2013) . We include the detail of transform the equations into standard form of boundary value problems in Appendix A. For each value of l, we calculate the eigenfunctions and the corresponding complex eigenvalues, ω T . There are generally multiple eigenvalues and eigenfunctions for each wavenumber. In particular, there are multiple branches of solution (e.g., instead of being a single "continuous" function of l, the complex frequency ω T sometimes bifurcates or forms cusp) due to the existence of different waves in the MHD system (e.g. acoustic, Alfvén's wave, etc). To ensure that we follow the solution of the same branch, we increase l with nonintegral steps of increment (e.g., 0.01). Here we study the branch of solution with unstable modes at the immediate values of l/L (around 3 to 5, which corresponds to a few hundred pc of the feather spacing as suggested by observations).
An example of complex eigenfunctions of the perturbation is presented in Figure 10 . This is the fastest growing unstable (positive growth rate) mode for f = 0.2 at l/L = 4.22 (or l = 11). The arbitrary complex multiplicative constant of the linear perturbation is chosen such thatσ l (η) is 1 + 0i immediately after the shock (i.e., zero of the η-axis). In general, the solution varies rapidly in the beginning and decreases slowly for larger η. Also, the end points of the solution are not necessarily zero because of the shock jump conditions.
Growth Rates
We study the stability of the feathering perturbation by exploring numerically the behavior of the perturbation frequency (ω T ) versus the effective wavenumber (l/L). There is no analytical dispersion relation because we make no approximation on the relative length scale in the η-direction between the nonlinear TASS state and the perturbation. As seen in the eigenfunctions of the perturbation (Figure 10 ), we find no rapid oscillation along the η-direction (except very near to the shock for large l cases), which suggests the integration in η is necessary. In Figures 11 and 12 , we show respectively, the real part of frequency and the growth rate for a range of spiral forcing f .
As inferred by the streaming motion estimation in the Section 4.3, we choose f = 0.2 (or F = 8%) as a reference. At this level of spiral forcing, only one branch of mode is found. Both real and imaginary parts of ω T are close to zero when l → 0, which suggests its TASS state is non-oscillating and stable to the plane-parallel perturbation (l = 0). However, we should only interpret the low l regime with caution as the WKBJ approximation of the solution of Poisson equation breaks down (Equation (A3)). At higher values of f , we find at least two branches of frequency, but we show only the branch which is unstable for moderate wavenumber here (and has similar behavior as f = 0.2). At f = 0.6, two branches cross at l/L = 0.93 (see Figure 13 ) and it appears as a cusp in Figure 11 . One of the branches reaches the stable regime (Im ω T > 0), while other branch remains unstable and reaches a maximum growth rate. The cusp at crossing of the two branches may be related to the phenomenon of "avoided crossing", which also appears in a similar system of a massive protoplanetary disk (Lin 2014) . If that is the case, some characters of the branches may exchange. However, we will leave this for future investigation. For moderate values of l/L, the real frequency is almost flat for the unstable branch. This corresponds to a family of perturbation that has a small group velocity relative to the local circular flow (i.e., d Re(ω T )/dl ≃ 0). This particular feature of feathers was also found by Kim & Ostriker (2002) where the feathers move along the spiral arm in their numerical simulations.
The fastest growing mode is located at l/L = 4.22 where l = 11. This number is not sensitive to the value of spiral forcing. This mode corresponds to a spacing of 530 pc between the feathers. The neighboring modes (∆l = ±1) give a 30 pc difference to this number. This feather separation agrees with the findings in La Vigne et al. (2006) (see Figure 21 in their paper). Also, the dimensionless growth rate of γ = −Im(ω T ) = 0.807 is similar to what we obtained in Paper I. In general, the (dimensional) e-folding time t 0 of unit growth rate (κt 0 = 1) is
where t cross = 2π/m(Ω − Ω p ) is the arm-crossing time in the pattern frame. The number of e-folds of growth per unit arm-crossing time is N = γ(2π/ − ν), where −ν is defined in Equation (17). At ̟ = 2 kpc where −ν = 0.933 and t 0 = 0.148 t cross , the perturbation could grow by a factor of exp γ(t cross /t 0 ) = e 5.43 = 229 for γ = 0.807 in one arm-crossing time. Combining the fact that the gas flows slowly inside the spiral arm (Section 4.4), this rapid growth of feathering provides a favorable condition for star formation (Elmegreen et al. 2014) .
In Figure 14 , we show the two-dimensional gas surface density for the background and the one with feathering perturbation with an arbitrary amplitude ǫ = 0.01. In this case, the contrast between the gas surface density inside the feathers and inter-feathers is around 4 to 6, with a lower value farther away from the spiral arm. The dimensional η-velocity fluctuation (along ξ) due to the feathers is given by
where |ũ l | is the magnitude of the η-velocity perturbation, √ 2U V is the dimensional velocity scale in η-direction. At ̟ = 2 kpc where √ 2U V = 66.7 km s −1 , the η-velocity fluctuation is 5 km s −1 . On the other hand, we find that the ξ-velocity fluctuation is of the same order of magnitude. . Real part of ω T along l for some values of f . At f = 0.6, the discontinuity at l/L ≃ 1 corresponds to a degeneracy between two branches (other branch not shown, see Figure 13 ). Darker lines for larger f .
5.3. Dependence on Self-gravity The dependence of the gas self-gravity on the feather instability is similar to that of the spiral forcing. We find that the stronger the self-gravity, the higher the growth rate. In Figure 15 , we show the growth rate of the reference model with f = 0.6 at α = 0.06, 0.08, and 0.1. The value f is tuned up to allow a wider range of α of the TASS states. Comparing this to Figure 12 (varying f ), the cusp at l/L = 0.93 becomes a smooth transition when α is lowered. Also, the solutions become numerically unstable at a larger value of l/L. This numerical artifact is partly due to the increase in stiffness of the ODEs of the perturbation. We expect it is solvable by considering a proper matching condition at the critical point of the ODEs (see, , and leave this for future investigation. In any case, the increase in growth rate with self-gravity is expected for a perturbation caused by the gravitational instability.
Dependence on Magnetic Field
We study the dependence of the magnetic field by varying the dimensionless parameter x A0 . In general, stronger the magnetic field, the weaker and wider the spiral shock. However, despite the changes in the TASS state, the growth rates have the very similar behavior (Figure 16 ) for the range of x A0 explored (i.e., 0.04 to 0.08, corresponding to the mean plasma beta β 0 = 2 to 4). As the increase of x A0 leads to a weaker shock, we study the solutions at the higher value of α = 0.2 (instead of 0.1 in the reference model) in order to maintain a moderate value of the shock strength. Although the growth rate does not show a maximum in this set of parameters, the curves in Figure 16 still provide an estimate for the lower limit of the most unstable wavenumber, which is l/L ≃ 5. This corresponds to λ feather ≃ 450 pc in linear scale. Therefore, combining the finding that x A0 does not change the growth rate within the range we explored, we can conclude that the wavelength of the fastest growing mode decreases with stronger self-gravity.
Note that the real part of the frequency ω T and the eigenfunctions do change with x A0 accordingly. As an example, the magnitudes of the perturbational η-velocity at l/L = 2 is shown in Figure 17 . The fluctuation decreases with the increasing strength of magnetic field. As these modes have very similar growth rate, we are comparing the strength of perturbation at same time instant assuming their initial amplitudes are the same.
Dependence on Radius
The local calculation is performed at a different radius to provide insights on how the substructure forms at different locations. Here we compare the growth rate at ̟ = 4 kpc to the reference model (2 kpc) in Figure  18 . For easier comparison of theoretical models, we only change the radius and spiral forcing while keeping the same self-gravity and Alfvén speed parameters. At a larger radius, the value of Doppler-shifted frequency −ν is smaller. The TASS state is more likely to have a secondary density enhancement when the location is near to the ultra-harmonic resonance (SMR). The feathering instability has a lower growth rate and peaks at a slightly smaller effective wavenumber (l/L = 3.84). Using Equation (30), the feather spacing is 1 kpc, which qualitatively agrees with the finding that spacing increases with radius in La Vigne et al. (2006) . The use of more realistic values of parameters requires adaptation of a global model of M 51, such as a radial profile of magnetic field strength. Therefore, computing a radial trend of feather spacing is more meaningful when making comparison to global simulations in the future. The dependence of the TASS state and the feathering instability on the various parameters is investigated. There are five parameters for the TASS state (Group I) and two additional parameters (Group II) for the feather instability. We are most interested in the effects of the magnetic field and the self-gravity (c.f., Section 4), because the Group II parameters such as Ω/κ and pitch angle of the spiral arm can be obtained confidently from observations, while the effects of the sprial forcing f and the relevant frequency of the spiral structure ν were studied theoretically in the literature (e.g., SMR; LCB). In the first part, we studied a few observationally relevant quantities and we summarize these with their most important determining factor(s) in Table 3 . Table 3 Determining factors of various quantities in the TASS state relative peak surface density (Σ g,peak /Σ 0 ) spiral forcing (f), pressure a absolute gas surface density (Σg) self-gravity (α) spiral arm width (W) magnetic field spiral shock location (η sh ) self-gravity (α) streaming velocity (us) spiral forcing (f) (a) both magnetic (x A0 ) and turbulent (x t0 ) gas pressure
The stability analysis of the feathering perturbation shows that there exist growing unstable modes. Some of these modes look like feathers jutting out from the spiral arm ( Figure 14) . Because of the nonlinear TASS state and the perturbed boundary conditions, we do not have an analytical dispersion relation (which is often obtained by neglecting boundary conditions and using WKB analysis). Instead, the complex frequency ω T is numerically computed for a range of effective wavenumber along the arm. A few branches of perturbations are found. The branch with large unstable growth rate has a group velocity close to (but not exactly equal to) the local rotation velocity. This indicates the feathers may also move along the spiral arm (Kim & Ostriker 2002) . The most unstable mode is located at a wavelength of around 530 pc in our M 51 model, which agrees with the spacing of feathers in observations, such as La Vigne et al. (2006) . We also examine the parameter dependence of the feathering instability. Each parameter changes the underlying TASS state and thus the exact detail of the eigenfunctions of the perturbation. However, apart from the crossing phenomenon of branches and the increase of the growth rate (see Figure 12) , the increase in spiral forcing f alone does not vary the wavelength of the most unstable mode. On the other hand, the growth rate increases more sensitively with the self-gravity. For the magnetic field, the growth rates remain similar for a range of Alfvén speed parameter. We also examine the instability at a larger radius, in which the growth rate is lowered. Our calculation suggest the feather separations increase with radius, unless the fastest growing wavenumber change significantly.
Feather Spacing and Jeans Length -The local Jeans length is commonly used to compare with the feather or spur spacing in the numerical simulations and observations. The two-dimensional local Jeans length inside the spiral arm, which is given by
where Σ spiral = Σ peak is the peak surface density of the spiral arm, and x 0 = x t0 + x A0 is the dimensionless counterpart of the square of mean effective sound speed a 2 0 (c.f., Section 3). Typical ratio between λ feather and λ J is less than 10, where a larger ratio is obtained for weaker self-gravity when considering the vertical stratification (Kim & Ostriker 2006) . In our calculation of the fastest growing mode in Section 5.2, the ratio is
where l/L = 4.22 and Σ peak /Σ 0 ≃ 13 for the density compression of the spiral shock. While this ratio lies within the range found in Kim & Ostriker (2002 ), La Vigne et al. (2006 showed a large scatter for this ratio, partly because of the uncertainty in deriving the Jeans length from the gas surface density. As Σ peak /Σ 0 is sensitive to the magnetic pressure as well (Section 4), we expect this ratio may also have some radial variation that is different among galaxies. Therefore, we hope our calculation of the wavelength of the fastest growing mode can be used as a better diagnostic in future measurements.
Applications
Comparison to Other Instabilities -In order to explain the substructure in spiral arms, other mechanisms such as wiggle instability (e.g., Wada & Koda 2004) were proposed. The stability analysis of a corrugated spiral shock for the purely hydrodynamical case without self-gravity nor magnetic field by showed that such wiggle instability is related to the generation of potential vorticity at the deformed shock front and that the small scale perturbation grows fastest (e.g., 7% of armarm distance in their example case). While this may be the case in some galaxies (in particular, for non-regular substructure), our analysis shows self-gravitating feathering instability can also occur without the background shear due to the differentially rotating galactic disk. Our assumption differs from the previous analytical studies using shearing coordinates (e.g., Balbus & Cowie 1985; Elmegreen 1987; Balbus 1988; Elmegreen 1994) . The main reason not to include the galactic shear (and hence shearing-box boundary conditions) explicitly in our formulation is that a simple periodic boundary condition allows normal-mode analysis with the perturbation amplitude ǫ(t) instead of linear time t as in a shearingbox. In addition, the shearing-periodic boundary condition along the ξ-axes is only asymptotically correct when the shearing-box is tilted against the circular direction (i.e., Ω = Ω(̟) is not a constant along the spiral arm, see Figure 1(b) ). On the other hand, the shearingbox approximation differs from our formulation only in the background velocity along the spiral arm. Therefore, we expect our results are qualitatively the same if we were to adopt such approximation. In any case, to make progress from the local approximation, global numerical simulation of a galaxy is probably a better tool to properly compare the features among the feathering instability and other shearing instabilities. Careful investigation is needed to understand and quantify the difference of the self-gravitating MHD instability in Shetty & Ostriker (2006) and the shearing instability found in purely hydrodynamical simulations (e.g., Wada & Koda 2004; Dobbs & Bonnell 2006; Shetty & Ostriker 2006; .
On the other hand, the analysis suggests that in some cases, the primary shock is rippled, with little density variation, rather than producing high density contrast feathers. As all single-mode perturbations vary sinusoidally along the spiral arm, such kind of perturbation has a concentrated fluctuation near the shock (see, e.g., Figure 10 ) and has a significantly lower amplitude away from the spiral arm. In some cases, low l-mode (with large wavelength) may correspond to Elmegreen (1979) analysis on dust lanes collapsing along its length, which give rise to kpc-scale separation between massive cloud complexes or the "beads on a string" phenomenon. Furthermore, the difference between the observed curved structure of feathers and the straight single-mode density fluctuation seen in Figure 14 may be due to the nonlinear mode-coupling at late times, which is similar to the formation of mushroom structure in the RayleighTaylor instability. We speculate that the bending of feathers may be due to the difference in growth rate and pitch angle to the spiral arm of each l-mode. Individual l-mode grows in amplitude separately until some nonlinear quasi-static equilibrium is reached. Such scenario may occur in two stages: The large l-mode perturbation develops first and dominates near the spiral shock. When the perturbations at the downstream flow start to develop, the small l-modes with smaller pitch angle to the spiral arm will mix with the large l-modes and result in bending feature. Therefore, in the current picture of feathering instability, the bending structure is not kinematic shearing of material features, but the mode coupling of unstable waves that adopts as its basis of expansion the summation of different modal quantum numbers in a linearized description. This hypothesis can be readily tested in the future by comparing local nonlinear "shear-less" simulations and shearing-box simulations such as Kim & Ostriker (2002) and .
CONCLUSION
This paper provides some theoretical understanding of the feathering phenomenon near the spiral arms. Complemented by the results from previous simulations and a recent paper on the purely-hydrodynamic case ), the feathering instability with self-gravity and magnetic field is likely to be the formation mechanism of feathers. The magnetic field, which is approximately parallel to the spiral arm, suppresses the wiggle instability while provides a preferential direction for the gravitational collapse along the field lines. On the other hand, previous simulations suggest that feathers do not form without including self-gravity of the gas.
Comparison to Observations -La Vigne et al. (2006) summarized a list of characteristics of feathers from their archival study of optical images. In general, the normal modes of feathering instability in this paper, such as the one in Figure 14 , match the general feather characteristics found in their paper (c.f., conclusion section), namely, 1) feathers extend from the spiral shock (or primary dust lines) to the interarm regions with large pitch angles; 2) feathers are often associated with density clumps (or bright star-forming regions), especially near their beginnings in the spiral arm; 3) feathers coalesce and extend to the next arm. There are other characteristics that are not reproduced in our analysis because of the local approximation, namely, pitch angle and curvature of the feathers. Some interesting morphologies such as beads-on-a-string may be explained by the longwavelength mode which are not covered in this study. On the other hand, the lattice structure of feathers (i.e., appearance of both perpendicular and parallel dust lanes) may depend on the base state. For example, second density enhancement parallel to the main spiral arm can form near the ultra-harmonic resonance (SMR) or under some conditions of the rotation curve . In a boarder context, the instability associated with shocks may explain the cases even if the base state is not described by the TASS framework, such as flocculent galaxies (e.g., Rebolledo et al. 2012 ) and barred galaxies (e.g., La Vigne et al. 2006) .
Remarks for Future Observations and Tests -Our analysis suggests that the feather instability is sensitive to the base state of the spiral arms under the TASS picture. As a result, this may be related to the detection characteristics found in La Vigne et al. (2006) , such as feathers are most common in Sb-Sc type galaxies but not other spiral types. Galaxies with prominent primary dust lanes but without any feathers may indicate low gas surface density with strong magnetic field, as suggested by the simulations in Shetty & Ostriker (2006) . Measurement of feather spacing of more real galaxies and its relation to the Jeans length remain crucial for testing different theories and numerical simulations. In particular, the spacing of the feathers measured along the spiral arm reflect underlying variations of self-gravity and magnetic field (Section 5). The radial variation of spiral forcing F , which is often assumed a constant, should also be considered in the calculation (Feng et al. 2014) . Combining the information obtained from the measurements of quantities in Table 3 , a better understanding can be gained on the pattern speed (Ω p ) and magnetic field which are more difficult to measure generally. In this appendix, we provide the governing equations for the feathering instability to facilitate the use of numerical solvers for the boundary value problem (BVP) that are available to the public (e.g., Boisvert et al. 2013) . The differential algebraic equations in the problem (c.f., Paper I) are transformed into the standard form of BVP (Equations (A1) and (A2)). This appendix may be of interest to complement this work and Paper I for actual calculation of the characteristic frequency and eigenfunctions of the feathering instability.
The governing equations of the perturbation can be written as a set of linear ODEs which has the following form:
where A l (η) and B ωT,l (η) are 4 × 4 complex matrices depending on the TASS states (e.g.,û(η)), and y l (η) = [σ l ,ũ l ,ṽ l ,Ã l ] T is a column vector of perturbational variables evaluated at η. The boundary conditions are given by a system of linear equations (the subscript l is omitted for clarity):
where Q i and β i are a 4 × 4 matrix and a column vector depending on the TASS state, respectively. The subscript i = 1, 2 represents the pre-shock and post-shock locations. The arbitrary amplitude ǫ in this linear treatment is assumed to be one in the calculation, but is set to a small value when adding the perturbation to the TASS state. As discussed in the Appendix A of Paper I, the solution of the perturbational Poisson equation (for self-gravity) is expressed as the Fourier-transformed dimensionless gravitational potential in the following form
where the WKBJ approximation is applied. We look for the perturbations with a positive growth rate which grow exponentially and lead to nonlinear development of the overdense regions. The method of solution is discussed in detail in Paper I. The major step to derive Equation (A1) is to eliminate the second derivative ofÃ l (η) in the momentum equations by the use of the perturbational induction equation. After some algebra and using the TASS state equations, we obtain the coefficients of Equation (A1). The matrix A l (η) is given by 
where u T = −ν +û = u η / √ 2U V , σ T = 1 +σ = Σ/Σ 0 ,b l = x t0 /σ 2 T − α/|l/L|, and the prime denotes the η-derivative of the TASS state. As defined previously, x t0 and x A0 are the square of normalized turbulent sound speed and Alfvén speed, respectively. The matrix B ωT,l is given by the following elements:
B 13 = i(l/L)(κ/2Ω)σ T , (A7) B 14 = 0, (A8)
where B ij are the elements of B ωT,l , and ω T = ω − (l/L)v T . For the boundary conditions (perturbational shock jump conditions), a similar elimination procedure forÃ 
where i = 1, 2 denotes the evaluation at the each side of the shock. Lastly, the column vector β i is given by
NUMERICAL ISSUES
Here we discuss some numerical issues in our calculation and how we possibly resolve them in future analysis. In the parameter study of the feathering instability, the effective wavenumber l/L 5 is studied as the equations become less numerically stable for large l. One reason is that the stiffness of the Equation (A1) increases with l as the determinant of the "mass-matrix" A l (Equation (A4)) is proportional (asymptotically) to:
where u T = −ν +û = u η / √ 2U V and 1 +σ = Σ/Σ 0 are the dimensionless flow velocity perpendicular to the spiral arm in the pattern frame and the relative surface density, respectively. Except for the last term due to self-gravity, this quantity is related to the sonic point relation (i.e., u 2 η − x = 0 where x = a 2 is the square of sound speed). Therefore, in front of the shock where the flow is sub-magnetosonic, the above determinant may be close to zero or even negative if the last term is not large enough (e.g., when the self-gravity parameter α is small or the effective wavenumber l/L is large). However, the existence of such critical point (i.e., at certain η where A l is singular) is due to the assumption of a strictly ξ-periodic (and single-mode) flow and the WKBJ approximation of the Poisson equation in our analysis. We expect this regime (e.g., low gas surface density) can be studied with less analytical effort in numerical simulation, and we leave this for future investigation. Indeed, the recent paper by treated such critical point (or sonic point in their case) as an additional boundary condition. In any case, if we ambitiously perform WKB analysis on the equations (e.g., assuming a large η-wavenumber), we may derive a dispersion relation similar to the one for a differentially-rotating and self-gravitating disk. This means that the growth rate will eventually decline due to the stabilizing effect of the gas pressure in the small scale. In the mean time, we treat such numerical limit as the lower limit of the most unstable wavenumber.
Lastly, the approximation of razor-thin disk and WKBJ self-gravity overestimates the gravitational force (Kim & Ostriker 2006) . In principle, at small l/L where WKBJ approximation breaks down, one can perform one more level of iterations to obtain a self-consistent solution of the Poisson equation (as an improvement over Equation (A3)). Since feathers are sub-kpc scale structure (l/L > 2 by Equation 30), we do not worry such scenario. Thus, we limit our analytical interpretation on moderate values of l/L.
